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Abstract
The system of singular-values of a square matrix whose components are independent Ornstein{
Uhlenbeck processes corresponds to a diusion model of interacting particles. We show that the
weak limit, as the dimension of the matrix tends to innity, of the associated empirical measure
process is a deterministic measure-valued process and converges to a xed law as the time t
tends to innity. c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
The eigenvalues of a symmetric matrix whose components are independent Ornstein{
Uhlenbeck processes have been studied in Chan (1992); Rogers and Shi (1993). Such
a system turns out to be the same as the diusion of interacting particles with linear
drift towards the origin and electrostatic inter-particle repulsion. Applications of such a
system to models of so-called Coulomb gases are discussed in Dyson (1962). The fact
that the electrostatic inter-particle repulsion in the system will tend to innity, as two
of the particles come closer together, destroys most of the analysis established for a
wide class of interactions described by similar stochastic dierential equations (SDEs)
with coecients satisfying certain Lipschitz and boundedness conditions (c.f. Dawson,
1983; Dawson and Gartner, 1987) and hence many questions concerning this system
become nontrivial. Nevertheless, it has been shown in Chan (1992); Rogers and Shi
(1993) that, as the dimension of the matrix tends to innity, the associated empirical
distribution of eigenvalues in such a system converges weakly to a measure-valued
process which is deterministic and converges to the Wigner law as t !1.
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The present work generalises the above to consider the system of singular-values
of an arbitrary square matrix whose components are independent Ornstein{Uhlenbeck
processes. The singular-values of a square matrix are dened as follows.
Any n n matrix X can be decomposed into the form
X = UV
with U; V 2 SO(n) and  = diagf1; 2; : : : ; ng such that 1>2>   >n−1>jnj
and the sign of n is the same as that of det(X ). The i’s obtained in this way are
called the singular-values of X . Since 21>
2
2>   >2n are the n ordered eigenvalues
of XX t;  is uniquely determined by X .
The SDE for the singular-values diusion considered here is dierent from that in
Chan (1992); Rogers and Shi (1993), but its coecients still have similar singularities.
We shall show that the associated empirical distribution of the singular-values in our
system also converges weakly to a deterministic measure-valued process but, as t !1,
this measure-valued process converges to the law of jW j instead of the law of W , where
W has the Wigner law as its distribution.
2. Singular-values diusions of matrix-valued Ornstein{Uhlenbeck processes




dBt − Xt dt; (1)
where B is a standard matrix-valued Brownian motion and  is a constant. That is, the
entries of Xt are independent Ornstein{Uhlenbeck processes.










where  is the Laplacian on Rn2 , and we have identied the space of n n matrices



























To obtain the SDE for the induced singular-values process t , we identify the space
of diagonal n n matrices with Rn and dene a map  from Rn2 to Rn by
(X ) = :
Then the restriction of  to
Xn = fX 2 Rn2 : the eigenvalues of X tX are distinctg
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is a Riemmanian submersion from Xn to its image and the volume of each bre under




(2i − 2j ):
Since Xn admits a group of isometries (induced by left and right multiplication by
elements of SO(n)) which acts transitively on each bre, the standard Brownian motion
on Xn induces a diusion on (Xn) whose Ito^ representation is






where Bi; 16i6n, are n independent standard Brownian motions on R (c.f. Le, 1994).












dt − i dt; 16i6n (3)




dBt −rU (t) dt;












Hence, in particular, the invariant density for the singular-values diusion is given by














ln(2i (t)− 2j (t)) + n(n− 1)t:













dt + n(n− 1) dt = 0






tX ) that  cannot reach +1 in nite time. However, the con-
clusion that 21 does not explode implies that  will also not diverge to −1 in nite
time. This shows that the singular-values do not collide if they start within (Xn)
initially.
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3. Weak convergence of empirical processes
We work rst in
C2b(R) = ff 2 C2(R): f;f0; f00 are all boundedg
and for any measure  and any f 2 C2b(R), we write h; fi=
R
R f d. The empirical

































































(where dMnt = n
−3=2Pn
j=1 f











































dt − hnt ; xf(x)idt: (4)
If the function f 2 C2b(R) is such that (1=x)f0(x) is also bounded, then the family of
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is tight (equivalently relatively compact) and so the sequence fhnt ; fi: n>1g is tight.
Since the set of such functions is dense in C(R); fnt : n>1g is tight. Thus, if along a





x2 − y2 t(dx)t(dy)

dt − ht; xf0(x)idt: (5)
In particular, t is actually a deterministic measure-valued process and, since nt>−1=n,
t is also non-negative.
We dene, for any z 2 C such that Im(z)> 0,
hz(x) =
z
x2 − z2 ; and Ht(z) = ht; hzi:









x − z dx

:
Since HHf = −f for f 2 L2(R) (c.f. Chan, 1992), H is an isometry of L2(R) and
so
R f(x)




















ff(x) + f(−x)g dx;
which determines the symmetric function g(x)= 12ff(x)+f(−x)g, and so in this case
f itself, uniquely. Thus showing the uniqueness of the non-negative t which satises
(5) is equivalent to showing the uniqueness of Ht dened as above. Taking f in (5)
































(x2 − z2)2(y2 − z2)2 t(dx)t(dy) + 2z
Z
x2
(x2 − z2)2 t(dx)




(x2 − z2)2(y2 − z2) +
z2










(x2 − z2)(y2 − z2) +
z2
(x2 − z2)2(y2 − z2)
+
z2





(x2 − z2)2 t(dx):












































x2 − z2 +
Z
z3













Thus, H satises the PDE
@Ht(z)
@t







x2 − z2 :
(6)
The obvious modication of the arguments in Rogers and Shi (1993) implies that, for
each z 2 C with Im(z)> 0 and each t > 0, there exists a unique z0 = z0(t; z) such that
z = e−tz0 − 1H0(z0)sinh(t): (7)
From this, it follows (c.f. Rogers and Shi, 1993) that there is a unique solution to (6)
and this solution can be expressed as
Ht(z) = etH0(z0(t; z)): (8)
Hence, we conclude that (5) characterises t uniquely and so nt converges weakly to
t as n tends to innity.
4. Weak convergence of the limiting processes as t !1
For any xed z 2 C such that Im(z)> 0, (7) also implies that limt!1e−tz0 exists











z2 − 2= − z): (9)
We now denote the weak limit of t , as t tends to innity, by ^. Then, on the one
hand, we have from (9) that
(
p




x2 − z2 :
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x − z f^(dx) + ^(−dx)g :



































That is, as t !1; t converges to the law of jW j, where W has the Wigner law as
its distribution.
Appendix










































x − w dx
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z(z2 − 2)(z2 − 2)dz







z(z2 − 2)(z2 − 2) ; zj






























But 2 = 1− 2w2 +
p
(2w2 − 1)2 − 1 = 1− 2w2 + 2wpw2 − 1, so
2 + 1
2 − 1 =
1− w2 + wpw2 − 1
w
p







x − z0 = 
q
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